We study mutually unbiased bases (MUBs) in which all the bases are unextendible maximally entangled ones. We first present a necessary and sufficient condition of constructing a pair of MUBs in C 2 ⊗ C 4 . Based on this condition, an analytical and necessary condition for constructing MUBs is given. Moreover we illustrate our approach by some detailed examples in C 2 ⊗ C 4 . The results are generalized to C 2 ⊗ C d (d ≥ 3) and a concrete example in C 2 ⊗ C 8 is given.
Introduction
Quantum entanglement is a central resource in quantum information and quantum computation. It is one of the most fascinating features in quantum physics and closely related to some fundamental problems such as estimation of the quantum state. MUBs can provide an optimal means of determining an ensemble's states given by Wootters and Fields [1] . It has good applications such as quantum state tomography [2, 3] , quantum key distribution [4] , quantum teleportation and quantum superdense coding [5, 6] . Let ß 1 ={|φ i } and ß 2 ={|ψ i }, i = 1, 2, · · · , d, be two orthonormal bases of a d-dimensional complex vector space C d , φ i |φ i = δ ij , ψ i |ψ i = δ ij . ß 1 and ß 2 are said to be mutually unbiased if and only if | φ i |ψ j | = 1 √ d , ∀i, j = 1, 2, · · · , d. A set of orthonormal bases {ß 1 , ß 2 , · · · , ß m } in C d is called a set of mutually unbiased bases if every pair of bases in the set is mutually unbiased.
In recent years, there are many constructions of MUBs based on the following bases: product bases(PBs), unextendible product bases (UPBs), maximally entangled bases (MEBs) and unextendible maximally entangled bases (UMEBs). Consider a bipartite quantum system C d ⊗ C d ′ with respective dimension d and d ′ . A state |ψ is said to be a d ⊗ d ′ (d ′ > d) maximally entangled state if and only if for an arbitrary given orthonormal complete basis |i A of subsystem A, there exists an orthonormal complete basis |i B of subsystem B such that |ψ can be written as
i=0 |i A ⊗|i B . A method of constructing MUBs based on MEBs in C d ⊗C kd (k ∈ Z + ) was given in [7] . Two types of MEBs and their mutually unbiased property in C d ⊗ C d ′ were presented in [8] , as detailed examples, some mutually unbiased maximally entangled bases in C 2 ⊗ C 4 , C 2 ⊗ C 8 and C 3 ⊗ C 3 were given. Some explicit constructions in C 3 ⊗ C 3 , C 4 ⊗ C 4 , C 5 ⊗ C 5 and C 12 ⊗ C 12 were presented in [9] . By using any commutative ring R with d elements and generic character of (R, +) instead of Z d = Z/dZ, the authors presented some constructions of MUBs [10] . Furthermore, a set of states {|φ i ∈ C d ⊗ C d ′ : i = 1, 2, · · · , n, n < dd ′ } is called an n-member unextendible maximally entangled basis (UMEB) if and only if: (i) |φ i , i = 1, 2, · · · , n are maximally entangled; (ii) φ i |φ j = δ ij ,i, j = 1, 2, · · · , n; (iii) if φ i |ψ = 0, ∀ i = 1, 2, · · · , n, then |ψ cannot be maximally entangled. The constructions of MUBs based on UMEBs in C 2 ⊗ C 3 and C 3 ⊗ C 4 were derived in [11] [12] [13] . The authors proved that a complete set of mutually unbiased bases of a bipartite system contains a fixed amount of entanglement, independent of the choice of the set [14] . In Ref. [23] a method for constructing the UMEBs has been also presented. Although some considerable progress has been made on MUBs [15] [16] [17] [18] [19] [20] [21] [22] , there are still some problems that have not been resolved.
In this paper, we study mutually unbiased bases based on unextendible maximally entangled bases. By adding two states to the set of UMEBs from [23] , we extend a set of UMEBs to a set of bases over the whole space. Then we focus on how to construct a set of bases that is unbiased with this set of extended bases. In Section 2, we present the approach constructing MUBs in C 2 ⊗ C 4 and give some explicit examples. A necessary and sufficient condition and an analytically necessary condition of constructing a pair of MUBs in C 2 ⊗ C 4 are given. In Section 3 we generalize the method to C 2 ⊗ C d (d ≥ 3) and a pair of MUBs based on UMEBs have been presented in C 2 ⊗ C 8 as detailed examples. Comments and conclusions are given in Section 4.
MUBs in
Let {|0 , |1 } and {|0 ′ , |1 ′ , |2 ′ , |3 ′ } be the computational basis of C 2 and C 4 , respectively.
The following six states constitute an UMEB in C 2 ⊗ C 4 [23] :
where j ⊕ 3 a = (j + a) mod 3 and n = 0, 1, j = 0, 1, 2.
Adding the following two states to (1) ,
then the following eight states constitute a complete orthonormal basis of C 2 ⊗ C 4 :
where n = 0, 1, j = 0, 1, 2. Next we construct another complete orthonormal basis based on UMEBs. Let {|x 0 , |x 1 } and {|x 0 ′ , |x 1 ′ , |x 2 ′ , |x 3 ′ } be another basis of C 2 and C 4 , respectively, S and W be the unitary matrices. We can transform the computational basis {|0 , |1 }
According to |ψ n,j = (S ⊗ W )|φ n,j ,
we have another complete orthonormal basis in
where n = 0, 1, j = 0, 1, 2. The two bases {|φ n,m } and {|ψ n,m } in C 2 ⊗ C 4 are mutually unbiased if and only if they satisfy the following property,
Substituting (5) into (7) we get
where n, p = 0, 1; m, q = 0, 1, 2, 3, S = (s kl ) 2×2 , k, l = 1, 2, and W = (w st ) 4×4 , s, t = 1, 2, 3, 4.
Eq. (8) implies that the absolute values of the entries of the matrix S⊗W under the basis {|φ n,m } have the following forms:
From (2), we can get an unitary matrix F 
Therefore the matrix S ⊗ W under the basis {|φ n,m , n = 0, 1, m = 0, 1, 2, 3} is given by
Where F † denotes Hermitian conjugate of the F matrix. From (7)-(11), we have the following theorem:
Theorem 1. The two bases {|φ n,m } and {|ψ n,m } defined as (2) and (6) in C 2 ⊗ C 4 are mutually unbiased if and only if the following condition is satisfied:
where (a, b, c) ∈ {(0, 0, 0), (0, 1, 1), (1, 0, 1), (1, 1, 0)} and k, j = 1, 2.
Next we give some examples to illustrate Theorem 1. Constructing some mutually unbiased bases, for simplification, we can set the matrix S to be a diagonal unitary matrix. In this case, |s 11 | = |s 22 | = 1 due to the properties of unitary matrix. Therefore one can suppose s 11 =e iϕ 1 , s 22 =e iϕ 2 , w st = r st e iθst , where s, t = 1, 2, 3, 4 and i is an imaginary unit, i.e. i 2 = −1.
Substituting s 11 , s 22 , w 11 , w 22 and w 33 into (12), we can get |r 11 e i(ϕ 1 +θ 11 ) ± r 22 e i(ϕ 2 +θ 22 ) | = |r 22 e i(ϕ 1 +θ 22 ) ± r 33 e i(ϕ 2 +θ 33 ) | = |r 33 e i(ϕ 1 +θ 33 ) ± r 11 e i(ϕ 2 +θ 11 ) | = 1
and W is a unitary matrix, we can get |r 44 | = 1 2 . In a similar way, we can get |r st | = 1 2 and
where k, j = 1, 2, l n ∈ {0, 1, −1} and n = 1, 2, · · · , 9. Therefore we obtain a necessary condition of constructing a pair of MUBs based on UMEBs as follows. Example 1: According to Corollary 1, we choose ϕ 1 = π 2 , ϕ 2 = 0, θ st = 0 except for θ 11 = θ 22 = θ 33 = θ 44 = π and r st = 1 2 , s, t = 1, 2, 3, 4. Therefore
The unitary matrix S can transform the computational basis {|0 , |1 } to {|x 0 , |x 1 }. From
(3), we have
where |φ T denotes the transpose of the state |φ . According to (4), the unitary matrix W can
Therefore we obtain the another basis based on UMEBs as follows
that is mutually unbiased to the basis given by (2).
Example 2: We choose ϕ 1 = 2π 3 , ϕ 2 = π 6 , r st = 1 2 , s, t = 1, 2, 3, 4, except for θ 12 = θ 23 = θ 31 = θ 44 = π all the others θ st = 0. Let ω k = e kπi 6 , k = 0, 1, · · · , 11, be the twelfth roots of unity, i.e., ω 12 k = 1. Then
The unitary matrix S can transform the computational basis {|0 , |1 } to {|x 0 , |x 1 }, i.e.,
The unitary matrix W can transform the computational bases
which is mutually unbiased to the basis given by (2) .
Example 3: By the Corollary 1, we choose ϕ 1 = π 3 , ϕ 2 = − π 6 and r st = 1 2 , s, t = 1, 2, 3, 4, except for θ 23 = θ 32 = θ 24 = θ 34 = θ 42 = θ 43 = π all the others θ st = 0. We have
The unitary S can transform the computational basis {|0 , |1 } to {|x 0 , |x 1 }. From (3), we have |x 0 = (ω 2 , 0) T , |x 1 = (0, ω 11 ) T . According to (4), the unitary W can transform the
Therefore we obtain the another basis based on UMEBs that is mutually unbiased to the basis given by (2) .
For the C 2 ⊗ C 4 quantum systems, one can easily find the unitary matrices S and W to construct a pair of MUBs, and get many detailed examples of MUBs. Generalizing the methods of constructing MUBs to C 2 ⊗ C d quantum systems, one has the difficulties to calculate the unitary matrices S and W for high dimension d. We now generalize the method to the case of
denote the computational basis of C 2 and C d respectively. The following states constitute an UMEB in C 2 ⊗ C d [23] :
Adding the following two states to (20) |φ n,d−1 = 1 √ 2 (|0 + (−1) n |1 )|(d − 1) ′ , n = 0, 1, then we get a complete orthonormal basis in C 2 ⊗ C d :
where n = 0, 1, j = 0, 1, · · · , d − 2. Let {|x 0 , |x 1 } and {|x j ′ , j ′ = 0, 1, . . . , d − 1} be another basis of C 2 and C d , respectively. S = (s kl ) 2×2 , k, l = 1, 2 and W = (w st ) d×d , s, t = 1, 2, · · · , d be the unitary matrices. We have the following relations
|ψ n,j = (S ⊗ W )|φ n,j .
Similar to the case of C 2 ⊗ C 4 , we obtain another complete orthonormal basis in C 2 ⊗ C d :
where n = 0, 1, j = 0, 1, · · · , d−2. The two bases {|φ n,m } and {|ψ n,m } in C 2 ⊗C d are mutually unbiased if and only if they satisfy the following property:
, ∀n, p = 0, 1, m, q = 0, 1, · · · , d − 1.
Substituting (24) into (26), we get
It implies that the absolute values of the entries of the matrix S⊗W under the basis {|φ n,m } are all 1 √ 2d . Let F be the unitary matrix transforming the computational basis |ij ′ to the basis {|φ i,j }, i.e. F (|00 ′ , |01 ′ , · · · , |0(d−1) ′ , |10 ′ , |11 ′ , · · · , |1(d−1) ′ )=(|φ 0,0 , |φ 0,1 , · · · , |φ 1,d−1 ), From (21), we have
where
Therefore the matrix S ⊗ W under the basis {|φ n,m } are given by
From (27)-(30), we have the following theorem Theorem 2. The two bases {|φ n,m } and {|ψ n,m } defined as (21) and (25) in C 2 ⊗ C d are mutually unbiased if and only if the following condition is satisfied:
where (a, b, c) ∈ {(0, 0, 0), (0, 1, 1), (1, 0, 1), (1, 1, 0)} and k, j = 1, 2, · · · , d − 2.
Similar to the case of C 2 ⊗ C 4 , for simplification, we set S to be a diagonal unitary matrix and suppose s 11 =e iϕ 1 , s 22 =e iϕ 2 , w st = r st e iθst , s, t = 1, 2, · · · , d, where i is an imaginary unit, i.e. i 2 = −1. Substituting them into (31), we get |r st | = 1 √ d and
where k, j = 1, 2, · · · , d −2, l n ∈ {0, 1, −1} and n = 1, 2, · · · , 9. Therefore we obtain a necessary condition of constructing a pair of MUBs based UMEBs as follows. 
where n = 0, 1, j = 0, 1, · · · , 6.
Then from Corollary 2, we choose ϕ 1 = π 2 , ϕ 2 = 0 and r st = 1 2 √ 2 , s, t = 1, 2, · · · , 8, θ 21 = θ 23 = θ 25 = θ 27 = θ 33 = θ 34 = θ 37 = θ 38 = θ 41 = θ 44 = θ 45 = θ 48 = θ 55 = θ 56 = θ 57 = θ 58 = θ 61 = θ 63 = θ 66 = θ 68 = θ 73 = θ 74 = θ 75 = θ 76 = θ 81 = θ 84 = θ 86 = θ 87 = π, and the other θ = 0.
We have
The unitary matrix S can transform the computational basis {|0 , |1 } to {|x 0 , |x 1 }. From (22) , we have |x 0 = (i, 0) T , |x 1 = (0, 1) T . |ψ 0,2 =
Conclusion
We have studied the MUBs based on UMEBs. By using unitary matrices S and W , we present a necessary and sufficient condition of constructing a pair of MUBs in C 2 ⊗ C 4 . An analytical necessary condition for constructing MUBs has been given by choosing S to be diagonal unitary matrix and W be unitary matrix. Some explicit examples are given to illustrate our approach. Then we generalize the method to C 2 ⊗ C d for d ≥ 3, a necessary and sufficient condition and a necessary condition of constructing a pair of MUBs in C 2 ⊗ C d are given. As a detailed example, a pair of MUBs based on UMEBs has been presented in C 2 ⊗ C 8 . These results can help constructing MUBs. It would be interesting to investigate some applications in quantum information by these MUBs.
